In this paper we consider the fuel-optimal rendezvous between a satellite and a spacecraft in a central force field with a drag force that is linear in the velocity. In this general setting we linearize the equations of motion of the spacecraft and show that they can be reduced effectively, in the case of a linear drag, to one second order linear differential equation. We then specialize to the case of inverse square laws. Under certain simplifying assumptions a state-transition matrix can be found in terms of integrals. The work can then be placed in the context of various control models that have been developed in previous work.
Introduction
The fuel-optimal rendezvous problem in the Newtonian gravitational field of a central body has many obvious and practical applications. One of the earliest researchers in this area was Lawden [1] . The terminal phase of the rendezvous is amenable to linearized studies [2] [3] [4] [5] [6] [7] [8] [9] [10] . In many applications of terminal rendezvous studies the linearized equations can be reduced effectively to one second order equation, simplifying the analysis. Linearity and the application of optimization techniques then determine the optimal rendezvous trajectory, in principal. Further generalization of these results to the terminal rendezvous problem in a general central force field [11] shows that the same reduction to one second order equation can be accomplished in this more general context.
The present paper builds on previous work [11] [12] [13] [14] [15] by analyzing the fuel-optimal terminal rendezvous problem in a general central force field with linear drag. It is shown that reductions similar to those previously obtained [8, 11] apply in this more general context. This approach may be applicable to the rendezvous problem in the presence of relatively small drag forces.
The plan of the paper is as follows: In Sec. 2 we derive some general results about the motion of a particle in a central force field with linear drag. In Sec. 3 we treat the rendezvous problem in this setting. In Sec. 4 we specialize to gravitational and drag forces that are inversely proportional to the square of the distance from the center of the attracting body. We then present simplifying assumptions under which the equations of motion can be integrated to define a state-transition matrix of the same form as in previous work [15] . In Sec. 5 we address the control problems for the linearized equations and show how they fit into the context of previous models [16] [17] [18] [19] [20] [21] [22] . We end with some observations and conclusions in Sec. 6. 2 Motion of a particle in a central force field with linear drag.
The equations of motion for the Kepler problem (viz. motion of a particle in the gravitational field of a central body) with linear drag have been considered in the literature by several authors [12] [13] [14] . In particular Leach [14] simplified the derivation of some previous results. In this section we generalize to a general central force field. In this context we derive a new differential identity for the orbit which will be of paramount importance in reducing the equations for the rendezvous problem.
The equation of motion for a particle in a (general) central force field with linear drag is
where f is continuous, R is the radius vector and dots denote differentiation with respect to time.
Taking the vector product of (2.1) with R from the left and introducing the angular momentum of the motion
we obtainL
We infer therefore thatL is always parallel to L and hence L has a constant direction. It follows then that the motion is always in a fixed plane. Introducing polar coordinates in this plane to represent the motion we have
where ℓ is a unit vector in (the fixed) direction of L. Substituting (2.5) in (2.3) and integrating we obtain
where h is a constant. To obtain a second conserved quantity (a generalization of Hamilton's vector) we rewrite (2.3) as
substituting (2.7) in (2.1) and dividing by L leads to
i.e., K is a conserved vector. Finally the Runge-Lenz vector for this motion is given by
We now return to the equations of motion. Since the motion is in a fixed plane we can introduce (standard) radial coordinate system with unit vectors e r , e θ . The equations of motion along e θ , e r respectively become
From (2.12) we obtain;
where
(This is a restatement of eq. (2.6)). We can rewrite (2.14) as
and use this to substitute for d dt in (2.13) after some algebra we then obtain the eq.
where primes denote differentiation with respect to θ.
The Rendezvous Problems
The system we wish to consider consists of a satellite in orbit and a spacecraft in a central force field. The position of the satellite with respect to the field source is given by R(t) and its equation of motion is (2.1). The position of the spacecraft measured from the satellite is r(t) and its equation of motion is
where T is the thrust.
To linearize this problem we introduce some (mild and obvious) assumptions on f, g; Using these assumptions we now have
and similarly
Substituting eqs. (3.2), (3.3) in (3.1) using eq. (2.1) and linearizing we obtain
In a coordinate system rotating with the satellite eq. (3.4) becomes;
where Ω is the orbital angular velocity of the satellite.
However as the motion of the satellite is planar we can choose the coordinate system attached to it so that the x-axis is tangential but opposed to the motion of the satellite, the y-axis in the direction of R and z-axis completes a right handed system. In this frame r = (x, y, z), R = R(0, 1, 0) and Ω = (0, 0,θ) = (0, 0, ω).
Using this setting eq. (3.5) becomes;
using eq. (2.12) we haveṘ
Substituting (3.7) in (3.6) and changing variables from t to θ we obtain in component form;
where primes denote differentiation with respect to θ and
To simplify these equations we now perform the transformation;
Substituting this in eqs. (3.8), (3.9), (3.10) and dividing by
we obtain the following equations (we drop the overbars)
(3.14)
However if we substitute (from (2.14))
in (3.17) we obtain;
It follows now from (2.17) that the right hand side of (3.19) equals 1. As a result eqs. (3.14), (3.15), (3.16) take the simplified form;
We observe that when | 
where c is an arbitrary constant.
The Gravitational Field Case
In this section we specialize our considerations to a system (consisting of a satellite and a spacecraft) moving under the influence of the gravitational field of a central body and the linear drag force of the upper atmosphere.
Linear Drag in a Gravitational Field
The motion of a body under these forces was modeled by several authors [12] [13] [14] in the form
where µ, α are constants.
Following Leach [14] with a change of notation, the angular momentum of a body whose equation of motion is (4.1) is given by
where h is a constant. The trajectory is given by
where (see eq. (2.11))
and the symbols Ci and Si are defined by Leach [14] . In these equations J is the Runge-Lenz vector (whose length is constant) and
. From (4.2), (4.3) it now follows that
Moreover it is easy to verify directly that g(θ) satisfies the second order differential equation;
Following the same line of approximations and transformations which we carried in the last section for the motion of the spacecraft we now obtain the explicit (equivalent) form of eqs. (3.8), (3.9), (3.10) to be;
Now introduce the transformation;
After some algebra eqs. (4.8), (4.9), (4.10) take the form;
(4.13)
(4.14)
It is easy now to verify using eqs. (4.6),(4.7) (or from the general setting) that A(θ, ω, ω ′ ω ′′ ) = 1 and eqs. (4.12), (4.13), (4.14) take the form;
(4.18)
(4.20)
A State-Transition Matrix for a Special Case
An important special case that is amenable to analysis occurs if α << 1 and h >> 1. This analysis is based on the assumption that the contribution to the acceleration caused by drag is almost identical on both the satellite and the spacecraft. Because of the term h − αθ that appears in the denominator, this simplified analysis is applicable only for time intervals of relatively short duration. In this special case the terms containing α in eqs. (4.18), (4.19) are negligible and these equations can be approximated by
(4.21)
. 
where c is a constant.
An exact solution to the homogeneous part of eq. (4.23) is given by
By the method of reduction of order a complementary solution of the homogeneous equation is
Following the approach of Ref. 15 , the complete solution of (4.23) is
where 
By letting c = (c 1 , c 2 , c 3 , c 4 , c 5 , c 6 ) T , the state vector is represented by
The fundamental matrix solution Φ may be inverted by finding a fundamental matrix solution for the adjoint system as outlined in ref. 15 . The result is
This establishes a state transition matrix
that applies in the case of micro drag.
Various types of control models
In this section we consider various non-impulsive control models associated with the rendezvous problems discussed heretofore. In these models various performance indices and constraints on the spacecraft thrusters can be assumed. In all these models the dynamics are linear and expressed in the general formx
where the symbolsÂ andB do not refer to the symbols A and B of previous sections.
In all of these modelsÂ(θ) andB(θ) assume a form that generalizes that of ref. 15 . In these
These reduce to the same form as the rendezvous equations in a central force field without drag [15] if ζ(θ) is identically zero and mB(θ) is identically unity. The results of Section 3 of the present paper, that is eqs. (3.20) are represented by
The more specialized considerations of Section 4, that is eqs. (4.18)-(4.20) , are represented by
If one uses the approximate eqs. (4.21), (4.22) these expressions simplify to
where G(ω) is the negative of the coefficient of y in (4.22) and follows the notation of Ref. 15 . In this important special case, the complete state transition matrix is obtained from eq. (4.32).
Constant Exhaust Velocity and Power-Limited Models
In the model of minimum fuel rendezvous with constant exhaust velocity [8] one seeks to minimize the cost function,
1/2 and γ is a weighting function, subject to a positive bound T b on the magnitude of the thrust
Additionally the equations (5.1) and the boundary conditionŝ
must be satisfied. This problem has been studied, necessary and sufficient conditions formulated for its solution [16] , and numerical solutions of two-point boundary-value problems were calculated for certain examples [17] .
Another model is that of power-limited rendezvous with variable exhaust velocity [8] . In this model the cost function (5.7) is replaced by the function
and the magnitude of the thrust is unbounded. The state equations (5.1) and the boundary conditions (5.9) are the same. Under appropriate conditions the form of the optimal thrust function is well known, and is presented in previous work [18] .
Another variation is that of power-limited rendezvous with a bound on the magnitude of the thrust. In this example the function (5.10) is to be minimized subject to the constraint (5.8). This variation has also been studied and necessary and sufficient conditions for its solution have been found [19] .
Some applications of electric propulsion systems indicate that, in the case of power limited rendezvous, there are both upper and lower bounds on thrust magnitude.
This problem also has been studied and numerical solution of certain two-point boundary-value solutions has been attained [20] . In the case of multiple thrusters, the constraint (5.11) generalizes to a set of shells of multiple thrust in power-limited rendezvous. This problem also has been studied [21] and numerical simulations performed.
Impulsive Models and State Transition Matrices
The impulsive rendezvous problem based on the linearized form (5.1) has been analyzed and necessary and sufficient conditions for its solution have been formulated [22] . Details can be found in this reference.
The impulsive problem [22] is to find velocity increments ∆v 1 , . . . , ∆v k ∈ ℜ 3 and their points of application θ 1 , . . . , θ k ǫ[θ 0 , θ f ] in order to minimize the total weighted characteristic velocity
where Φ(θ) is any fundamental matrix solution associated withÂ(θ).
The fundamental matrix solution Φ(θ) is of paramount importance in impulsive problems. A transfer from any statex(θ 1 ) to any other statex(θ 2 ) can be accomplished by the multiplication of x(θ 1 ) by the state transition matrix Φ(θ 2 )Φ(θ 1 ) −1 if no impulse occurs on the interval (θ 1 < θ < θ 2 ).
The structure of the solution of the problem of optimal rendezvous in a general central force field [11] allows one to find a remarkably simple form for a state transition matrix in this case [15] . When drag is introduced into the equations using the approximations (5.6) this simplicity is preserved, and the state transition matrix is calculated from eq. 
Conclusions
A set of rendezvous problems was formulated for a central force field in the presence of linear drag.
These models may be relevant to satellites and spacecrafts in the presence of relatively small drag accelerations. In these situations, some mathematical transformations show that the motion can be described by surprisingly simple sets of equations. The work is then placed in the context of previous results on bounded-thrust, power-limited, and impulsive rendezvous problems, and can be used for the construction of state-transition matrices. Under the simplifying assumptions of equal drag accelerations on the satellite and the spacecraft, the representative differential equations can be integrated to construct a state transition matrix having the identical structure found in previous work in which drag was not considered.
